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SUMMARY

Salt-gradient solar ponds (SGSPs) are water bodies that capture and accumulate large amounts of solar energy. The design
of an SGSP field has never been analyzed in terms of studying the optimal number of solar ponds that must be built to max-
imize the useful energy that can be collected in the field, or the most convenient way to connect the ponds. In this paper, we
use constructal design to find the optimal configuration of an SGSP field. A steady-state thermal model was constructed to
estimate the energy collected by each SGSP, and then a complementary model was developed to determine the final
temperature of a defined mass flow rate of a fluid that will be heated by heat exchangers connected to the solar ponds.
By applying constructal design, four configurations for the SGSP field, with different surface area distribution, were
evaluated: series, parallel, mixed series-parallel and tree-shaped configurations. For the study site of this investigation, it
was found that the optimal SGSP field consists of 30 solar ponds of increasing surface area connected in series. This SGSP
field increases the final temperature of the fluid to be heated in 22.9%, compared to that obtained in a single SGSP. The
results of this study show that is possible to use constructal theory to further optimize the heat transfer of an SGSP field.
Experimental results of these configurations would be useful in future works to validate the methodology proposed in this
study. Copyright © 2016 John Wiley & Sons, Ltd.
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1. INTRODUCTION

To achieve sustainable development, the current world
approach to energy is toward finding more alternatives
for renewable energy sources. In addition to the well-
known methods to collect solar energy (e.g. photovoltaic
cells, solar collectors and solar cells), salt-gradient solar
ponds (SGSPs) appear as an alternative method for solar
collection and storage of low-grade heat [1].

SGSPs are water bodies that capture and accumulate so-
lar energy for long time periods [2–6]. These are artificially
stratified by dissolving salts with different concentrations
to form three characteristic zones (Figure 1): the upper
convective zone (UCZ), the non-convective zone (NCZ)
and the lower convective zone (LCZ), which is also known

as the storage zone. The UCZ is a thin layer of water with
low salinity and temperature. The NCZ is a layer formed
by a salinity gradient where temperature increases with
depth. Because the effect that the salinity gradient has over
the density of the fluid is larger than that of temperature,
the NCZ acts as a static barrier of fluid that suppresses
global convection within the solar pond. This density
gradient allows the NCZ to insulate the LCZ. The LCZ is
a layer of fluid with high levels of temperature and salinity.
The solar radiation that reaches the LCZ warms the hot
brine and allows storing significant amounts of energy
[1], which can be used in low-temperature applications,
such as building heating [6,7], thermal desalination [8],
industrial heat process [9,10], among other applications
[11–13].
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Solar ponds have been built in many locations around
the world [14], ranging from small experimental solar
ponds (~1m2 of surface area) to large solar ponds
(~20 ha). For instance, the Beith Ha’Arava Solar Pond
Power Plant had a surface area of 210 000m2 and sustained
a 5MWe power plant [15]. To store maximum energy, it is
common to have a single SGSP with a surface area that
covers most of the available land. However, having a sin-
gle SGSP can be inefficient when pond failure occurs.
For instance, on May 18th, 1991 the Bhuj solar pond (India)
experienced a 5-cm drop of pond level when the tempera-
ture in the LCZ was higher than 95 °C [11]. This drop oc-
curred because of a leakage from the bottom of the pond.
Although attempts were made to repair the leak without
stopping the operation, it was impossible to fix the liner
without emptying the pond. Therefore, the stored energy
was lost, and no energy was stored or produced while the
system was under repair. Some works have proposed to
build more than one SGSP to allow energy collection and
storage in case one pond is not working properly [10,11],
or for another purposes [15]. However, the design of a solar
pond field has never been analyzed in terms of number of
solar ponds that must be built to maximize the useful en-
ergy, or the most convenient way to connect the ponds.

A promising way to improve the architecture of a finite-
size flow system is the use of constructal design [16].

Constructal theory proclaims the existence of an equilib-
rium flow architecture; or nature flow architecture, where
all the possibilities of incrementing the performance of
the system have been exhausted. This theory indicates a
pathway or a strategy to be followed that helps finding
the best configuration of a system – in this case an SGSP
field – to minimize the resistances of the system’s flow cur-
rents. The flow currents could be fluid flow [17], heat flow
[18–21], strain [22] or the flow of any other substance that
flows within the system [23,24].

Constructal theory has been applied in many domains,
which are reviewed regularly [16,22,25]. For example,
Wechsatol et al. [17] developed an optimal design of a net-
work of pipes to uniformly distribute hot water around an
area. Kim et al. [23] designed the optimal shape of the flow
architecture in self-healing vascular materials. They sys-
tematically solved the best way to distribute the flows by
reducing their global resistance, and then this finding was
reinforced with an analytical optimization. Miguel [26]
investigated the generation of solar energy-based systems
architecture using constructal theory. He studied a shading
system to control the incoming solar radiation during sum-
mer and winter, a bundle of pipes to warm a room, and a
distillation system integrated in the roof. Lorente et al.
[18] showed how to use the constructal theory to design
the most efficient geometry of a solar chimney power

Figure 1 Configuration of the SGSP and the heat fluxes used to develop the mathematical model (see Appendix A for more details
about the thermal model). The connection between the solar pond and its heat exchanger is also shown. Heat is transferred from

the lower convective zone (hot stream) to the stream of water to be heated (cold stream).
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production plant on an available land area. First, they
found the relationship between maximum power and ge-
ometry, and demonstrated that the maximum power in-
creases monotonically with the length scale of the plant.
They presented several arrangements for distributing the
multi-scale plants on a square area: few large and many
small, in the right arrangement. The most important factor
in their design is the land area allocated to the largest plant.
They showed that the efficiency in power production also
depends on the total land area that is being used. Lorente
et al. [27] presented the fundamental tradeoffs that under-
pin the design of a distributed energy system with two ob-
jectives: the production and distribution of electric power
driven by solar heating, and desalinated water produced
by consuming solar power.

In this paper we consider the feasibility of designing an
SGSP field using the principles of constructal law [16].
The objective is to find the best configuration of an SGSP
field (shape and size of each solar pond, and distribution
and number of ponds in the SGSP field) that can maximize
the useful energy stored in the system. Although there are
many factors that define the best configuration of an SGSP
field (e.g. investment and operation costs), here we only
focus on the heat transfer aspects. To achieve the objective
of this study, a one-dimensional steady-state thermal
model was developed to estimate the energy collected by
each SGSP; next, the final (outlet) temperature of a mass
flow rate to be heated in an SGSP field of fixed land area
was calculated for different architectures of the SGSP field.
The application of the constructal theory not only allowed
understanding of the processes that maximize the outlet
temperature, but also why some configurations perform
better than others. As an illustration, the methodology to
design an SGSP field was applied in the province of
Copiapó, Chile, to pursue sustainable urban development
in the city. The approach presented in this paper is general
and is applicable to any design conditions.

2. METHODS

First, a mathematical model was developed to estimate the
thermal behavior of an SGSP. This model is used to deter-
mine the SGSP thermal profile, to optimize the size of the
SGSP and to estimate the temperature of the heat ex-
changer that is used to extract the energy from the pond.
Second, a complementary model was developed to deter-
mine the final temperature of a specified mass flow rate
of a fluid (water) that will be heated by the heat exchangers
connected to the SGSP field.

2.1. Thermal behavior of a single SGSP

2.1.1. SGSP model
Several computational models have been developed to

optimize the performance of an SGSP. There are many
one-dimensional studies in steady or transient conditions
[8,28,29], and more sophisticated two-dimensional models

that analyze in detail the hydrodynamics inside the pond
[30–32]. In general, the one-dimensional steady models
provide a good first approximation to determine the ther-
mal performance of a solar pond, especially for analyzing
changes in performance against parameter variations
[6,33–36].

In the present study, we developed a simplified one-
dimensional thermal model for an SGSP under steady state
conditions. The model estimates the thermal profile within
the SGSP using the following assumptions: (i) the UCZ
and LCZ are completely mixed, i.e. they have a uniform
temperature; (ii) the UCZ-NCZ and NCZ–LCZ interfaces
are at a fixed depth zU and zL, respectively, as shown in
Figure 1; (iii) the SGSP has a stable configuration; (iv)
the thermal properties of the fluid are constant; (v) the tem-
perature of the ground that surrounds the pond is constant
and uniform; and (vi) all the radiation that reaches the
LCZ is absorbed by the fluid in this zone. Appendix A pro-
vides a detailed description of the mathematical model.
Here we outline the principles used to develop the model.

The model is based on the energy conservation princi-
ple within the different zones of the SGSP. In the UCZ,
the energy balance considers shortwave radiation, heat
losses through the water surface, heat losses through the
sidewalls and conductive heat flux coming from the
NCZ. In the LCZ, the energy balance takes into account
shortwave radiation, heat losses through the bottom of
the pond, heat losses through the side boundaries, useful
energy, i.e. the energy extracted from the pond, and con-
ductive heat flux transmitted to the NCZ. The energy bal-
ance in both the UCZ and LCZ considers that the
temperatures of the UCZ (TU) and the LCZ (TL) are un-
knowns. These temperatures are related by the energy bal-
ance in the NCZ. Because the temperature in the NCZ is
not uniform, the analysis of this zone is different than that
performed in both the UCZ and the LCZ. Because of the
density gradient, the fluid in the NCZ is static and thus
the main heat transfer mechanisms in this zone are conduc-
tion and solar radiation absorption, in addition to heat
losses to the sides. The equation that determines the tem-
perature profile in the NCZ is:

∂2T zð Þ
∂z2

� T zð Þ � Tg

ξ2
¼�Фh zð Þ

k
(1)

where T(z) is the temperature at a depth z, Tg is the ground
temperature, ξ is a characteristic length of the problem, k is
the thermal conductivity of the fluid and Фh(z) is the short-
wave radiation, which is modeled as a volumetric heat
source. The shortwave radiation is assumed to be distrib-
uted within the water column as this radiation flux pene-
trates the fluid surface and is attenuated through the water
[6,30,37].

The solution of equation (1) emerge as a linear combi-
nation of a homogeneous solution and a particular solution
[38], where the temperatures of the UCZ and LCZ are used
as boundary conditions, i.e. T(zU) = TU and T(zL) = TL. By
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coupling equation (1) with the energy balances in the UCZ
and LCZ, the temperatures TU and TL are found, and then
the solution to equation (1) provides the thermal distribu-
tion within the NCZ. Therefore, for certain design parame-
ters and meteorological conditions, the model yields the
temperature profile and the useful energy of a solar pond
under steady state conditions.

2.1.2. Optimal shape and size
The shape of an SGSP has an impact on the temperature

that can be reached in the LCZ. Dehghan et al. [39] demon-
strated that, for a specified surface area, circular solar
ponds have superior thermal performance than square
ponds. This superiority is principally attributed to the
smaller sidewall heat losses associated with the smaller pe-
rimeter per unit area of the circular pond. In practice, small
ponds (<500m2) tend to be circular, while large ponds
tend to be rectangular because the heat losses through their
sidewalls are less important than those occurring in small
ponds [14]. However, in this investigation heat losses are
an important factor because several solar ponds will be
connected for the same fixed land area. Therefore, circular
ponds are used in all configuration contemplated for the
SGSP field.

Another important aspect of the operation of an SGSP is
to maximize the temperature in the LCZ, i.e. to optimize
the thicknesses of each zone. In this work, the UCZ thick-
ness is kept as small as possible to minimize heat losses to
the environment [8]. We used an UCZ thickness of 0.3m
[8,40]. In the LCZ the theoretical highest temperature is
reached when the LCZ thickness approaches zero. How-
ever, this is not practical, because it must be designed to
allow energy storage during operation. Furthermore, a
minimum depth of this zone is required to prevent erosion
of the NCZ when withdrawing heat [15]. For all these rea-
sons, we used a fixed LCZ thickness of 1.1m as suggested
by Garrido and Vergara [10]. Note that the model assumes
that all radiation that reaches NCZ–LCZ interface is
absorbed in the LCZ fluid. Therefore, the thickness of this
layer is used only for estimating the lateral heat losses to
the ground.

As the thicknesses of the UCZ and the LCZ are fixed, the
thickness of the NCZ (i.e. the depth of the interface NCZ–
LCZ) is optimized for each pond to maximize the tempera-
ture in the LCZ. This is achieved in two ways: (i) given a
fixed volume of SGSP, an optimal surface area can be
found; or (ii) given a fixed surface area of the pond, an
optimal depth can be found. Because in this study the con-
straint of the SGSP field is the fixed land surface, the opti-
mal depth of the pond is found by fixing the SGSP
surface area and maximizing the heat that can be extracted
from the storage zone. This optimization is performed using
the model detailed in Appendix A, by calculating the tem-
perature of the LCZ for different depths of the pond.

2.1.3. Heat extraction from the pond
For practical reasons, an external heat exchanger (Figure 1)

is used to extract the energy from the pond. This type of

heat exchanger is selected because it requires less mainte-
nance than a heat exchanger installed in the highly corro-
sive environment of the LCZ [41]. In this heat exchanger,
the hot stream is the brine that is recirculated through the
LCZ, and the cold stream is the fluid (water) that is to be
heated. To describe the temperatures in the heat exchanger,
the concept of effectiveness, ε, is used. Hence, the outlet
cold stream temperature of the heat exchanger, TCo, is de-
fined by:

TCo ¼ TCi þ ε
Cmin

CC
THi � TCið Þ (2)

where Cmin is the minimum between CH and CC, and these
are the capacity rates of the hot and cold streams, respec-
tively; THi is the inlet temperature of hot stream (which is
equal to the LCZ temperature of the SGSP) and TCi is the
inlet temperature of the cold stream, as shown in Figure 1.

The operation of the heat exchanger is also optimized to
maximize the heat that can be transferred from the hot
stream to the cold stream (cf. Appendix B). Indeed, as
the hot-side mass flow rate increases, the heat transferred
toward the cold stream increases. However, there is an
upper bound to the increase in the hot-side mass flow rate,
which is achieved when CH=CC. Therefore, the hot-
stream mass flow rate is determined using this condition.

2.2. Configurations of the pond field

A complementary mathematical model was developed to
determine the final temperature of the stream to be heated
by the heat exchangers connected to the solar ponds of
the SGSP field. This section outlines the configurations
that were used to connect the solar ponds, with the objec-
tive of finding the final temperature of the flow rate at the
exit of the SGSP field.

There are two simple ways to connect the ponds when
the total surface area is fixed: in series or in parallel. In ad-
dition, the SGSP field can be formed by connecting ponds
in more complex configurations: ponds combined in series
and in parallel (termed ‘mixed series-parallel configura-
tion’), and tree-shaped configurations. These configura-
tions will be evaluated using the constructal theory, and
adopting the following assumptions: (i) each SGSP has
its own heat exchanger; (ii) the pipes that connect the
ponds are well insulated, thus, the heat losses in the pipes
are negligible compared to the other heat fluxes; and (iii)
there is excess of freshwater to replenish the evaporation
losses on the SGSPs, and excess of salts to maintain the
salinity gradient in each solar pond.

In order to determine the cold stream outlet temperature
in each heat exchanger connected to an SGSP, the temper-
ature in the LCZ of the pond must be determined first. This
is achieved using the thermal model described above for a
circular SGSP with an optimal depth. Then, each heat ex-
changer is analyzed to find the temperature TCo that will
be achieved by the stream of the cold side. The next sub-
sections describe how the final temperature (TF) of the
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SGSP field is calculated for each one of the configurations
described above. It is worth mentioning that the total land
area (At) is fixed, and it is the same for all configurations,
with no restriction on the shape of the land area.

2.2.1. Configuration in series
In this configuration, the total area of the SGSP field

(At) is distributed in ponds connected one after the other
(Figure 2). The cold stream outlet temperature of one heat
exchanger is used as the cold stream inlet temperature of
the next heat exchanger, and the final temperature of the
water to be heated in the SGSP field is equal to the outlet
temperature of the last SGSP/heat exchanger system.

Even when the total area of the SGSP field is fixed,
there are many ways to distribute this area among the
ponds connected in series. In this work, three combinations
are evaluated: uniform, increasing and decreasing area dis-
tribution (Figure 2). The area of the ith SGSP, Ai, is calcu-
lated as follows:

Auniform
i ¼ At

N
(3)

Aincreasing
i ¼ 2 i

N N þ 1ð ÞAt (4)

Adecreasing
i ¼ 2 N þ 1� ið Þ

N N þ 1ð Þ At (5)

where N is the total number of ponds. In the configuration
in series, the cold stream mass flow rate of all the heat ex-
changers will be the same.

2.2.2. Configuration in parallel
In this configuration, the total area is distributed in

ponds that are located side by side (Figure 3). Therefore,
the cold stream inlet temperature of each heat exchanger
(TCi) is the same as the temperature at the entrance of the
SGSP field (To). The total area of the SGSP field can be
distributed using solar ponds with uniform or variable

areas (Figure 3). For the case of uniform area, Auniform
i is

calculated using equation (3). For the case of variable area,
Avariable
i is estimated using equation (4).
When the solar ponds are connected in parallel, the total

mass flow rate entering the SGSP field ( _mt) can be distrib-
uted equally to the ponds (equal flow) or in proportion with
the surface area of each pond (proportional flow). For both
uniform and variable surface areas with equal distribution
of the mass flow rate toward the ponds, the cold stream
mass flow rate of each heat exchanger is:

_mi ¼ 1
N

_mt: (6)

For variable surface areas with proportional distribution
of the mass flow rate, the cold stream mass flow rate of
each heat exchanger is:

_mi ¼ Ai

At
_mt: (7)

The final temperature of the water to be heated in the
SGSP field, TF, will be a weighted average of the temper-
ature reached at each SGSP/heat exchanger system:

TF ¼ ∑N
i¼1 _miTCoið Þ

_mt
˙ (8)

where TCoi is the cold stream outlet temperature of the ith

heat exchanger.

2.2.3. Mixed series-parallel configuration
In this configuration the distribution of the total area is

generated using a combination of ponds connected in paral-
lel and in series, as shown in Figure 4. First, the final tem-
perature of the ponds connected in series is calculated.
Then, this temperature is used to obtain the final tempera-
ture for the ponds connected in parallel. For simplicity, only
mixed series-parallel configurations formed by the same
number of ponds in series as in parallel are evaluated
(‘square’ configuration). Therefore, the number of ponds is:

Figure 2 SGSP field made of N solar ponds/heat exchanger systems connected in series. Distribution of the SGSP field total area for:
(a) uniform area; (b) increasing area; and (c) decreasing area.
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N ¼ NsNp (9)

where Ns is the number of solar ponds connected in series
and Np is the number of solar ponds connected in parallel.
The total area is distributed in a uniform way, as described
in equation (3).

2.2.4. Tree-shaped configuration
A flow architecture derived from constructal law that is

commonly used is the tree-shaped (dendritic) design. This
architecture has been used in various technological appli-
cations [42–44]. Because of their multiple scales and opti-
mized finite complexity, tree flows offer greater densities
of heat and mass transfer [23]. Thus, we propose to study

tree-shaped configurations where the solar ponds have de-
creasing, increasing or decreasing–increasing surface areas.

As shown in Figure 5, the tree-shaped configurations are
characterized by having n levels of solar ponds/heat ex-
changer systems. This type of configuration is a combination
of ponds connected in series and in parallel – the flow is bifur-
cated into two in each of the branches in the decreasing area
configuration (Figure 5a), and the flow converges from two
branches in the increasing area configuration (Figure 5b). The
‘mixed’ decreasing–increasing area configuration (Figure 5c),
which is similar than the trees matched canopy-to-canopy
architecture [23], has solar ponds with variables areas, such
that each surface area is proportional to the flow flowing in
each heat exchanger of the corresponding SGSP.

Figure 3 SGSP field made of N solar ponds/heat exchanger systems connected in parallel. Distribution of the SGSP field total area for:
(a) uniform area; (b) variable area and equal flow (c) variable area and proportional flow.
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Figure 4 SGSP field made of N solar ponds/heat exchanger systems connected in a mixed series-parallel configuration (uniform area
distribution).

Figure 5 SGSP field organized in n levels of solar ponds/heat exchanger systems connected in tree-shaped forms: (a) ponds with de-
creasing area; (b) ponds with increasing area and (c) ponds with a mixed decreasing-increasing area.
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To calculate the final temperature that is reached in such
settings, only a single pond of each level (or branch) is
modeled, because the other ponds of that level will be iden-
tical. Then, the total number of solar ponds for decreasing
and increasing area configurations is calculated as:

N ¼ ∑n
i¼12

i�1 (10)

where n is the number of levels of each configuration. For
the ‘mixed’ increasing–decreasing area configuration, the
number of solar ponds is calculated as:

N ¼ ∑n=2
i¼12

i if n is even
2 n�1ð Þ=2 þ∑ n�1ð Þ=2

i¼1 2i if n is odd
:

(
(11)

Because the total area of the SGSP field remains con-
stant, the distribution of surface area for a solar pond in
the ith level is as follows:

Adecreasing
i ¼ At

n2i�1 (12)

Aincreasing
i ¼ At

n2n�i (13)

Amixed
i ¼

At

n2i�1 if i <
n

2
þ 1

At

n2n�i if i >
n

2
þ 1

8><
>: (14)

where the superscripts represent the type of configuration.
The cold stream mass flow rate in each heat exchanger
can be expressed as:

_mdecreasing
i ¼ _mt

2i�1 (15)

_mincreasing
i ¼ _mt

2n�i (16)

_mmixed
i ¼

_mt

2i�1 if i <
n

2
þ 1

_mt

2n�i if i >
n

2
þ 1

:

8><
>: (17)

For clarity, a summary of all the SGSP field configura-
tions that were evaluated is shown in Table I.

2.3. Parameters used to assess performance

We evaluated the performance of the different configura-
tions of an SGSP field placed near the city of Copiapó,
Chile (27°30′S 70°30′W). This city is located in a highly
vulnerable basin that is currently in a state of acute water
scarcity [45,46]. Therefore, we investigated the design of
an SGSP field that could be used to provide energy for a
thermal desalination system, such as that presented by

Suárez et al. [8,47]. Describing that water treatment tech-
nology is out of the scope of this work. What is relevant
for the current analysis is that the performance of the desa-
lination system increases when the temperature of the feed
water increases. Therefore, by maximizing the temperature
of a fixed feed water flow rate, i.e. the mass flow rate to be
heated in the SGSP field, the water treatment system will
maximize its water production.

The operating parameters of the solar ponds used in this
study were obtained from the performance optimization of
each SGSP (as described above), and on the information
available in the literature. We used a total land area of
23 200m2 (2.3 ha) for the SGSP field and a total mass flow
rate of 6 kg/s. These parameters are the same than those
used by Garrido and Vergara [10]. In terms of water pro-
duction, and based on the information provided by the
SISS [48], a mass flow rate of 6 kg/s represents the water
consumption of ~3000 inhabitants in the city of Copiapó
(~2% of the population of the city).

The meteorological parameters required to evaluate the
performance of the SGSP field were obtained from Suárez
et al. [46]. We used the mean annual values of the meteoro-
logical variables as the representative values for steady state
conditions. The incident radiation was 212.5W/m2. The
ambient temperature was 19.4 °C, and we assumed that in
steady state conditions the ground temperature is equal to
the air temperature. The inlet temperature of the SGSP field
was set to 15.3 °C (data obtained from the Hydrographic
and Oceanic Service of the Chilean Navy, http://www.
shoa.cl). This temperature corresponds to the annual aver-
age temperature of the ocean near the town of Caldera,
which is where water is currently being withdrawn, desali-
nated, and then used in the mining industry of the region,
and for potable water use in the city of Copiapó [46].

For each pond, the thicknesses of the UCZ and LCZ
were 0.3 and 1.1m, respectively [8,10]. The NCZ thick-
ness of each pond within the solar pond field was opti-
mized as explained before, and a minimum thickness of
0.5m is used to avoid problems of salt gradient stability [14].
The thermal conductivity of the brine was 0.637W/mK [14].
The heat transfer coefficient on the pond surface (US) was
estimated to the 92.24W/m2K. This value is based on the

Table I. Summary of the SGSP field configurations that were
evaluated in the present study.

Configuration Area distribution

Uniform
Series Increasing

Decreasing

Uniform
Parallel Variable (with equal flow)

Variable (with proportional flow)

Mixed series-parallel Uniform

Decreasing
Tree Increasing

Mixed decreasing–increasing
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experimental data of Silva [49], and considers radiative,
latent and sensible heat fluxes. The heat transfer coefficients
of the sidewalls (UU, UN and UL for the UCZ, NCZ and
LCZ, respectively) correspond to those obtained when it
is assumed that conduction is the main heat transfer
mechanism. Considering a ground thermal conductivity of
2.4W/mK, and a distance of 4m from the pond wall to
the point where Tg becomes constant [49], a value of
0.60W/m2K is obtained for all the heat transfer coefficients
of the sidewalls. The heat transfer coefficient of the bottom
(UB) was set to 0.17W/m2K. This value was estimated
assuming the same conditions than those used to estimate
the sidewalls heat transfer coefficient, but considering a dis-
tance of 14m from the pond’s bottom to the point where Tg
becomes constant [50].

The heat exchanger effectiveness depends on the type
of heat exchanger – the higher the effectiveness, the more
energy that can be obtained from the ponds. For this study,
the effectiveness was set to the reference value of 70%. The
specific heat of the hot stream (brine) was 3.570 kJ/kg-K
[14], while the specific heat of the cold stream (water)
was 4.181 kJ/kg-K [51].

3. RESULTS

3.1. Thermal behavior of a single SGSP

After defining the optimal shape of each solar pond (circu-
lar, as described above), it is necessary to determine the op-
timal thickness of the NCZ, i.e. the depth of the NCZ–LCZ
interface, zL (Figure 1). Figure 6a shows the temperatures
of the heat exchanger streams as a function of zL, for a sin-
gle solar pond occupying all the available land area. Recall
that the inlet temperature of the hot stream is equal to the
temperature of the LCZ, i.e. THi =TL. For each zL, the

outlet temperature of the heat exchanger cold stream
(TCo) is smaller than the inlet temperature of the hot stream
(THi) because the heat exchanger has a certain effective-
ness. Even when the difference between THi and TCo de-
pends on the value of the effectiveness, the highest TL
always agrees with the highest TCo and with the highest
useful energy. The optimum zL was found to be 2.57m,
from a total depth of 3.67m and a brine volume of
85,237m3. This depth produces the highest temperature
in the LCZ (namely 68.5 °C, as shown in Figure 6b) and
in the outlet of the heat exchanger cold stream (52.5 °C),
delivering 933 kW of useful energy.

3.2. Configurations of the SGSP field

The following results are expressed in dimensionless form,
where the final temperature (TF) and total brine volume (V)
of a particular configuration are normalized using the
results obtained for a single SGSP, i.e. T ¼ TF=Tref and
V ¼ V=Vref , where Tref = 52.5 °C and Vref = 85, 237 m3

are the reference temperature and brine volume, respec-
tively. Furthermore, it is important to emphasize that the
results of each of the following configurations use solar
ponds operating under optimal conditions, i.e. the NCZ
thickness of each SGSP is optimized to maximize the use-
ful heat from each pond.

3.2.1. Configuration in series
For all types of area distribution, it was found that solar

ponds connected in series achieve higher temperatures than
a single SGSP (Figure 7a). When the number of solar
ponds increases, the final temperature increases. However,
there is a threshold where an increase in the total volume of
solar ponds does not increase the final temperature. Conse-
quently, there is an optimum number of solar ponds for
which the final temperature of the SGSP field is maximum.

(a) (b)

Figure 6 Optimization of the depth of the LCZ-NCZ interface for a single SGSP. (a) The temperatures of the heat exchanger streams
as a function of zL. (b) The temperature profile in the SGSP for the optimal depth.
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We found that the optimum numbers of solar ponds are 23,
30 and 27, for ponds with uniform, increasing and decreas-
ing area distribution, respectively. The corresponding final
temperature increase of each area distribution are 22.1%
(11.5 °C), 22.9% (11.8 °C) and 20.4% (10.8 °C), compared
with the results of a single SGSP. Therefore, ponds con-
nected in series with increasing area distribution yield
more useful energy, i.e. a higher final temperature (for an
optimal number of solar ponds).

When the number of solar ponds increases, the total
brine volume required for the SGSP field decreases for
any area distribution (Figure 7b). In general, the uniform
distribution is the configuration that uses the least total
brine. For optimal conditions (N = 30), the increasing area
distribution uses 27.1% (23,106m3) less brine than a single
SGSP.

3.2.2. Configuration in parallel
For all the configurations in parallel, the final tempera-

ture of the SGSP field decreases compared to a single
SGSP (Figure 8a). In addition, when the number of solar
ponds increases, the final temperature decreases. There-
fore, the optimal number of solar ponds for any area distri-
bution is two. In terms of the final temperature reached, the
best configuration is the variable area distribution with the
mass flow rate distributed in proportion to the surface area
of each solar pond. Noteworthy is that for a small number
of solar ponds (N< 5), the configuration with uniform area
distribution is practically the same as the configuration
with variable area distribution and proportional mass flow
rate.

The total brine volume of the SGSP field also decreases
as the number of solar ponds increases (Figure 8b), except

(b)(a)

Figure 7 Performance of the configurations in series with different area distributions. (a) Dimensionless final temperature of the SGSP
field. (b) Dimensionless brine volume of the SGSP field.

(b)(a)

Figure 8 Performance of the configurations in parallel with different area distributions. (a) Dimensionless final temperature of the
SGSP field. (b) Dimensionless brine volume of the SGSP field.
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for the case N= 2 for variable area with equal flow. The
uniform area distribution reaches the minimum total brine
volume regardless the number of solar ponds.

3.2.3. Mixed series-parallel configuration
In the mixed configuration, the final temperatures

achieved are between the final temperatures of the series
and parallel configurations (Figure 9). These temperatures
are always greater than for a single pond. The optimal
number of solar ponds (49) is greater than the optimal
number for the configuration in series, because the mixed
configuration has fewer solar ponds connected in series
(seven) than the configuration in series, which according
to our results is more efficient than the parallel configura-
tion. This is discussed in greater detail below. The mixed
configuration reaches a final temperature that is 13.8%
greater than that of a single SGSP. In terms of brine vol-
ume, the final brine volumes achieved are between the
brine volumes of the series and parallel configurations.
These volume data are not shown.

3.2.4. Tree-shaped configuration
All the tree-shaped configurations achieved intermedi-

ate final temperatures and brine volumes, relative to the
series and parallel configurations. Furthermore, all the
tree-shaped configurations reached final temperatures
higher than in a single pond (Figure 9). The tree-shaped
configuration with the highest final temperature is the
mixed decreasing-increasing type, because the decreasing
and the increasing configurations use more solar ponds
connected in parallel for the same total amount of
ponds, whereas the mixed decreasing–increasing config-
urations use more solar ponds connected in series. The
optimal number of solar ponds for mixed decreasing–
increasing configuration is 30 (eight levels), reaching a
final temperature that is 17.0% greater than a single
SGSP.

4. DISCUSSION

There are two important factors that determine the optimal
depth of each solar pond: the surface area and the cold
stream inlet temperature. As these factors increase, the op-
timal depth increases. The single solar pond has the largest
surface area; consequently, it is the deepest pond of all the
configurations. For the configurations that have ponds with
smaller surface area and low cold stream inlet temperature,
such as the ponds connected in parallel or the first ponds in
the series connection, the solar ponds will be shallow and
the total brine volume, required to operate under optimal
conditions, will be less than a single SGSP.

Even though it has been reported that the performance of
larger solar ponds is better than that of smaller ponds, as edge
losses per unit area are smaller, we found that the solar ponds
that are connected in series behave differently. When useful
energy is extracted from the pond, the LCZ temperature also
depends on the outlet temperature of the heat exchanger cold
stream (or the mass flow rate of the fluid to be heated). There-
fore, higher final temperatures in the SGSP field will be
reached if the cold stream that enters the heat exchanger is
preheated. In other words, when the ponds are connected in
series, the preceding solar ponds heat the cold stream of the
ponds that follow. Thus, it is easier to obtain higher temper-
atures and a better performance (compared to a single pond).
There comes a point where adding more solar ponds be-
comes inefficient because the total heat losses through the
sidewalls increase significantly as the perimeter per unit area
increases (Figure 10). Our results show that the benefit of
preheating the cold stream is more important than the benefit
of having larger ponds.

Although the uniform distribution area for the series
configuration appears to be the best configuration for a re-
duced number of solar ponds (N< 9), sidewall heat losses
begin to be relevant when the number of solar ponds in-
creases, because the SGSP field with uniform area distribu-
tion has a greater total perimeter per unit area than the
SGSP field with increasing area distribution (Figure 10).

Figure 9 Dimensionless final temperature of the SGSP field for the configurations evaluated in this study. For the series configuration
only the increasing area is shown, whereas for the parallel configuration only the variable area with proportional flow rate is shown.
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Consequently, when the number of solar pond increases,
the SGSP field with increasing area distribution reaches
larges temperatures than those obtained when all the ponds
have the same area.

In parallel configurations, we expected that by dividing
the total stream in several currents, higher temperatures in
each solar pond could have been reached because less en-
ergy is required to heat a smaller fluid volume. Nonetheless,
the sidewall heat losses become increasingly important as
the number of solar ponds is increased. If the sidewalls were
completely insulated, the parallel configuration reaches a
final temperature identical to that of a single SGSP. How-
ever, heat losses are inevitable (e.g. see [3,4,52]) and in-
crease with the number of solar ponds.

In other constructal theory studies, the tree-shaped flow
architecture appeared as the best flow architecture [16,23].
However, in this study the tree-shaped configuration is not
the best because its design is the result of a combination
between connections in series and in parallel, and we
showed that the parallel connection undermines the overall
efficiency. Lorente et al. [18] highlight that the answer to
the correct arrangement of solar chimney power plants
(‘few large and many small’) is generally applicable to
all types of power harvesting techniques from land areas
that possess low-density resources. They concluded that
the most important factor is the land area allocated to the
largest plant. This conclusion can be extrapolated to the
SGSP field with ponds connected in parallel, because when
the ponds of this configuration have variable area distribu-
tion, the larger ponds will generate more energy per unit
area than the smaller ponds (data now shown). However,
the conclusion of Lorente et al. [18] cannot be extrapolated
to the SGSP field with ponds connected in series, because
in this configuration the solar ponds do not work indepen-
dently, as they do when they are connected in parallel or in
the case of the solar chimneys.

Important is to perform a sensitivity analysis to determine
the impact of the total area (in which the total flow is propor-
tional to the total area) and of the climatic conditions on the

SGSP field performance (Table II). This sensitivity analysis
can be used as a planning tool for solar pond construction
to achieve the highest performance of an SGSP field in a de-
termined geographical location. This analysis was performed
for the configuration in series with increasing area distribu-
tion. On one hand, when the total surface area increases,
the optimal number of solar ponds also increases. When
the land area is smaller than 1000m2, the optimal number
of solar ponds is less than 12, regardless the geographical
location. For land areas larger than 50 000m2, the optimal
number of solar ponds is always greater than 19 (see
Table II for intermediate values). As the total available land
area increases, the percentage difference in final temperature
(or useful energy) between the series configuration and the
single solar pond also increases: this is independent of geo-
graphical location. When the total land area increases the pe-
rimeter per unit area decreases (Figure 11). Therefore, more
solar ponds connected in series are needed before heat losses
begin to be relevant.

The optimum number of solar ponds is proportional to
the insolation of the place where the SGSP field will be
built. An SGSP field constructed in a northern European
climate (insolation of ~100W/m2) will require approxi-
mately half the number of ponds than those required for a
tropical or subtropical climate (~250W/m2). As solar radi-
ation increases, the percentage difference in final tempera-
ture also increases. In tropical or subtropical climates, the
final temperature increase is greater than 20%. Indeed,
our results indicate that in an SGSP field located in a trop-
ical climate with a land area greater than 50 000m2 the fi-
nal temperature is 25% greater than in a single SGSP
(useful energy of 3.1MW for the series configuration and
2.3MW for the single pond). Therefore, replacing the sin-
gle pond with several ponds in series is especially valuable
for large land areas or high solar radiation.

In this paper, it was assumed that the heat losses in the
piping system that connect the ponds are negligible. To un-
derstand the effect of this assumption on the results, the en-
ergy losses in the piping system for the SGSP field with

Figure 10 Perimeter per unit area for an SGSP field with N solar ponds connected in series and for ponds with uniform and increasing
area distribution.
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ponds connected in series were estimated. The heat losses
through the pipes between each heat exchanger were deter-
mined as [53]:

Tout ¼ Tg � Tg � Tin

exp hpPpLp
ρApvCp

� � (18)

where Tout is the temperature of a fluid with density ρ and
velocity v, at the end of a pipe of length Lp, cross-sectional
area Ap, perimeter P and heat transfer coefficient through
the pipe wall hp; Tg is the ground temperature and Tin is
the temperature that the fluid has at the inlet of the pipe.
The length of each pipe was determined for each configu-
ration assuming that the heat exchanger is located below

Table II. Sensitivity analysis for the configuration in series for circular solar ponds with increasing area distribution and for different
climates. The insolation data were obtained from Hull et al. [12]; the total flow was calculated proportional to the total area. The
dimensionless useful energy corresponds to Ē = E/Eref, where E is the total useful energy extracted of each configuration and Eref is

the useful energy extracted of a single SGSP (that changes for each case).

Tropical and subtropical climate (Latitude 0–29°: insolation 242W/m2)

Total area,
At [m2]

Optimal number
of solar ponds

Final temperature of a
single SGSP, Tref [°C]

Dimensionless final
temperature, T

Useful energy of a
single SGSP, Eref [kW]

Dimensionless
useful energy, Ē

1000 12 55.0 1.20 43 1.27
10 000 23 57.6 1.23 458 1.31
50 000 37 58.5 1.25 2333 1.33

Mediterranean to northern U.S. climate (latitude 30–43°: insolation 193W/m2)

Total area,
At [m2]

Optimal number
of solar ponds

Final temperature of a
single SGSP, Tref [°C]

Dimensionless final
temperature, T

Useful energy of a
single SGSP, Eref [kW]

Dimensionless
useful energy, Ē

1000 10 46.0 1.17 33 1.25
10 000 20 48.2 1.20 356 1.29
50 000 33 48.9 1.22 1815 1.32

Intermediate climate (latitude 44–49°: insolation 145W/m2)

Total area,
At [m2]

Optimal number
of solar ponds

Final temperature of a
single SGSP, Tref [°C]

Dimensionless final
temperature, T

Useful energy of a
single SGSP, Eref [kW]

Dimensionless
useful energy, Ē

1000 8 37.1 1.13 24 1.22
10 000 16 39.0 1.16 256 1.26
50 000 27 39.6 1.18 1310 1.29

Northern European climate (latitude 50–53°: insolation 97W/m2)

Total area,
At [m2]

Optimal number
of solar ponds

Final temperature of a
single SGSP, Tref [°C]

Dimensionless final
temperature, T

Useful energy of a
single SGSP, Eref [kW]

Dimensionless
useful energy, Ē

1000 5 28.3 1.07 14 1.16
10 000 11 29.8 1.10 156 1.22
50 000 19 30.2 1.12 806 1.24

Figure 11 Perimeter per unit area as a function of the total land area At for an SGSP field (N = 1 to 5) with ponds connected in series
and increasing area distribution.
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and at the center of each SGSP. Assuming a heat transfer
coefficient in the pipes of 13.1W/m2K (heat losses toward
the ground), a friction factor of 0.015 and 0.10-m diameter
pipe, a single SGSP with a piping system subject to heat
losses has a final temperature that is 1.6 °C lower than that
of the system without heat losses (for the meteorological
conditions of the province of Copiapó). For the SGSP field
with configuration in series, it was found that the optimum
number of solar ponds decreases for each configuration,
and that the final temperature of the SGSP field also de-
creases (Figure 12). Note that when including heat losses
in the piping system, the previous discussions and conclu-
sions are still valid.

An advantage of having multiple SGSPs is that when a
solar pond requires maintenance and must be stopped, the
other ones can keep running and producing energy. In this
situation, the pipe network needs to be designed in a way
that allows the correct operation of the SGSP field even
when one pond is not operating. For parallel connections
this is not a problem, because the parallel connection itself
creates many pathways for the circulation of the fluid to be
heated. However, the series connection requires a bypass
around each heat exchanger to allow the correct operation
of the SGSP field.

Finally, it is important to emphasize that the analysis
performed in this work only focused on the heat transfer
aspects of the SGSP field. A design of an SGSP field
must consider other aspects, e.g. investment and opera-
tional costs, and pressure drop in the pipe network,
which can also be assessed using constructal design.
Investment and operational costs can be analyzed by
minimizing the resistance of the cash flow, and pressure
drop in the pipe network can be examined by minimiz-
ing the fluid flow resistance. In this last case, it is inter-
esting to note that when the total volume of the pipe
network is fixed, the ponds connected in series remain
the best configuration (data not shown), but this result
may change depending on the constraints imposed to the
problem.

5. CONCLUSIONS

We demonstrated that contructal theory enables the design
of SGSP fields. In this study, several configurations of an
SGSP field were assessed. The two basic configurations
evaluated in this study (series vs. parallel) delivered
opposite results: the series configuration performs better
than a single SGSP as the preceding solar ponds in series
connection preheat the mass flow rate of the following
ponds. In contrast, the parallel configuration fails to deliver
temperatures higher than in a single SGSP because of the
increased sidewalls heat losses. Intermediatefinal temperatures
between the series and the parallel configurations were ob-
tained in the mixed series-parallel and in the tree-shaped
configurations.

It was found that the best configuration is obtained
when the ponds are connected in series with an increasing
area distribution. For the study site of this investigation,
the optimum number of solar ponds is 30. This SGSP
field reaches a final temperature that is 22.9% higher than
that of a single SGSP, and uses 27.1% less brine than a
single SGSP. These values vary depending on the land area
and on the specific geographical location. Experimental
results of these configurations would be useful in future
works to corroborate the theoretical results obtained in this
study.

NOMENCLATURE

hp = heat transfer coefficient of the pipe walls
[W/m2/K]

_m = mass flow rate of fluid to be heated [kg/s]
qb = heat loss through the bottom of the pond

[W]
qkL = heat conduction from NCZ to LCZ [W]
qo = shortwave radiation that penetrates the

water surface [W]
qrU = shortwave radiation stored in the UCZ [W]

Figure 12 Comparison of the SGSP field final temperatures with ponds connected in series with and without heat losses in the piping
system. The results are shown for uniform, increasing and decreasing area distribution.
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quse = useful energy stored in the LCZ [W]
qwU = heat loss through the UCZ sidewalls [W]
v = fluid velocity in the pipes [m/s]
A = solar pond surface area [m2]
Ap = pipes cross-sectional area [m2]
AU = area of the UCZ sidewalls [m2]
Cp = specific heat of the fluid [kJ/kg/K]
Ē = dimensionless useful energy of the solar

pond field [-]
LCZ = lower convective zone
Np = number of solar ponds in parallel
NCZ = non-convective zone
Pp = perimeter of the pipes [m]
SGSP = salt-gradient solar pond
TF = final temperature of the fluid heated in the

solar pond field [°C]
TL = temperature of the LCZ [°C]
TU = temperature of the UCZ [°C]
U = surface overall heat transfer coefficient

[W/m2/K]
V = brine volume of the solar pond field [m3]
k = thermal conductivity of the fluid [W/m/K]
n = total levels in the tree-shaped configuration
qi = incident shortwave radiation [W]
qkU = heat conduction from NCZ to UCZ [W]
qrL = shortwave radiation stored in the LCZ [W]
qs = heat loss through the pond surface [W]
qwL = heat loss through the LCZ sidewalls [W]
r = reflectance [—]
z = depth [m]
AL = area of the LCZ sidewalls [m2]
At = total land area of the solar pond field [m2]
C = capacity rate of the fluid [kJ/K]
E = useful energy of the solar pond field [W]
Lp = length of the pipes [m]
N = total amount of solar ponds
Ns = number of solar ponds in series
P = perimeter of a solar pond [m]
Si = normalized spectral distribution [—]
T = dimensionless temperature [—]
Tin = inlet temperature of a pipe [°C]
Tout = outlet temperature of a pipe [°C]
T(z) = temperature at a depth z [°C]
UCZ = upper convective zone
V = dimensionless brine volume [—]

Greek symbols

ε = effectiveness of the heat exchangers [—]
θpi = particular solution of the differential

equation [°C]
δ = attenuation length [m]
Φh (z) = volumetric heat source because of shortwave

radiation at a depth z [W/m3]
Ө = auxiliary temperature [°C]
Өr = refraction angle of the light [°]
ρ = density [kg/m3]

Subscripts/superscripts

0 = reference state
decreasing = decreasing distribution of the total

area
increasing = increasing distribution of the total

area
mixed = increasing and then decreasing

distribution of the total area
s
uniform = uniform distribution of the total area
C = cold
Co = cold outlet
Hi = hot inlet
L = sidewalls of the LCZ
U = sidewalls of the UCZ
b = bottom
i
min
ref
t
variable = variable distribution of the total area
Ci = cold inlet
H = hot
Ho = hot outlet
N = sidewalls of the NCZ

APPENDIX A. Mathematical Model

The energy balance in the UCZ can be represented as
(Figure A.1):

Figure A.1. Energy balance in the three zones of an SGSP. The
differential element of thickness dz is used to determine the

thermal profile in the NCZ.
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qrU ¼ qs þ qwU þ qkU (A:1)

where qrU is the difference between the shortwave radiation
that reaches the surface of the pond (z = 0) and the short-
wave radiation that crosses the UCZ–NCZ interface
(z = zU), qs is the heat loss through the water surface, qwU
is the heat loss through the sidewalls of the UCZ and qkU
is the conductive heat flux coming from the NCZ, which
is determined using Fourier’s Law:

qkU ¼ �kA
∂T zð Þ
∂z

����
zU

(A:2)

where A is the surface area of the solar pond, k is the thermal
conductivity of the fluid, and T(z) is the temperature at a
depth z. A similar analysis for the LCZ yields (Figure A.1):

qrL þ qkL ¼ qb þ qwL þ quse (A:3)

where qrL is the shortwave radiation that crosses the NCZ–
LCZ interface (z = zL), qb is the heat loss through the bottom
of the pond, qwL is the heat loss through the sidewalls of the
LCZ, quse is the useful energy extracted from the LCZ and
qkL is the conductive heat flux transmitted to the NCZ,
given by:

qkL ¼ �kA
∂T zð Þ
∂z

����
zL

: (A:4)

The other heat fluxes are estimated as follows:

qrU ¼ A* q′′r 0ð Þ � q′′r zUð Þ� �
(A:5)

qs ¼ UsA TU � Tairð Þ (A:6)

qwU ¼ UUAU TU � Tg

� �
(A:7)

qrL ¼ Aq′′r zLð Þ (A:8)

qb ¼ UbA TL � Tg

� �
(A:9)

qwL ¼ ULAL TL � Tg

� �
(A:10)

quse ¼ CH TL � THoð Þ (A:11)

where q′′r zð Þ is the shortwave radiation flux at a depth z; Us,
UU, UL and Ub are the overall heat transfer coefficient
across the surface, the UCZ, the LCZ and the bottom of
the pond, respectively; AU and AL are the lateral areas of
the UCZ and LCZ (i.e. wetted perimeter times the thickness
of each zone), respectively; TU and TL are the temperatures
of the UCZ and LCZ, respectively; Tair is the air tempera-
ture, Tg is the ground temperature, THo is the temperature
of the brine that enters the LCZ after warmed in the hot side
of the heat exchanger and CH is the product of the specific
heat of the brine and the brine mass flow rate that
recirculates between the SGSP and the heat exchanger.
The attenuation of the shortwave radiation is represented
using the Rabl and Nielsen formula [6]:

qr zð Þ ¼ qo∑
4
i¼1Sie

�z
cos θrð Þδi (A:12)

where q′′r zð Þ is the shortwave radiation flux at a depth z; Si
and δi are parameters to determine the attenuation of light
within the water column; θr is the refraction angle of the
light and qo represents the solar radiation that penetrates
the water surface,

qo ¼ 1� rð Þqi (A:13)

where qi is the incident radiation, and r (=0.06) is the reflec-
tance of the solar radiation at the water surface [32].

Because the temperature in the NCZ is not uniform, the
analysis in this zone is different than that of the UCZ and
LCZ. Because of the density gradient, the fluid in the
NCZ is static, and thus the main heat transfer mechanisms
in this zone are conduction and solar radiation absorption.
To estimate the thermal profile within the NCZ, a differen-
tial analysis yields (Figure A.1):

ФhAdz ¼ dqwN þ dqk (A:14)

ФhAdz ¼ UNPdz T zð Þ � Tg

� �þ d �kA
∂T zð Þ
∂z

� �
(A:15)

ФhA ¼ UNP T zð Þ � Tg

� �þ d

dz
�kA

∂T zð Þ
∂z

� �
(A:16)

where qwN is the heat loss through the sidewalls of the
NCZ, qk is the conductive heat flux through the NCZ, UN

is the overall heat transfer coefficient of the NCZ sidewalls,
P is the perimeter of the pond and Фh is the shortwave
radiation, modeled as a volumetric heat source [6]:

Фh zð Þ ¼ �∂q′′r
∂z

¼ qo
cos θrð Þ∑

4
i¼1

Si
δi
e

�z
cos θrð Þδi : (A:17)

Defining the auxiliary variables θ(z) =T(z)� Tg, and

ξ ¼
ffiffiffiffiffiffiffiffiffi
k*A
Un*P

q
, equation (A.16) can be written as

∂2θ zð Þ
∂z2

� θ zð Þ
ξ2

¼ �Фh zð Þ
k

: (A:18)

The solution of equation (A.18) is

θ zð Þ ¼ C1e
�z=ξ þ C2e

z=ξ þ∑4
i¼1θpi zð Þ (A:19)

where each particular solution has the form

θpi zð Þ ¼ Bie
�z

cos θrð Þδi (A:20)

and Bi is a constant that can be found replacing each partic-
ular solution into equation (A.18):
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Bi ¼ qoSi
kcos θrð Þδi

1

ξ2
� 1

cos2 θrð Þδ2i

 !�1
: (A:21)

Thus, the thermal profile in the NCZ is given by:

T zð Þ ¼ Tg þ C1e
�z=ξ þ C2e

z=ξ þ∑4
i¼1Bie

�z
cos θrð Þδi : (A:22)

The constants C1 and C2 are obtained from the bound-
ary conditions T(zU) =TU and T(zL) = TL,

C1 ¼ TLezU=ξ � TgezU=ξ � TUezL=ξ þ TgezL=ξ þ FzU e
zL=ξ � FzLe

zU=ξ

e�zL=ξezU=ξ � e�zU=ξezL=ξ

(A:23)

C2 ¼ �TLe�zU=ξ þ Tge�zU=ξ þ TUe�zL=ξ � Tge�zL=ξ � FzU e
�zL=ξ þ FzLe

�zU=ξ

e�zL=ξezU=ξ � e�zU=ξezL=ξ

(A:24)

where FzU ¼ ∑4
i¼1Bie

�zU
cos θrð Þδi and FzL ¼ ∑4

i¼1Bie
�zL

cos θrð Þδi .
Substituting equation (A.22) into equations (A.2) and (A.4)
yields:

qkU ¼ �kA �C1

ξ
e�

zU
ξ þ C2

ξ
e
zU
ξ � 1

cos θrð Þ∑
4
i¼1

Bi

δi
e

�zU
cos θrð Þδi

� �
(A:25)

qkL ¼ �kA �C1

ξ
e�

zL
ξ þ C2

ξ
e
zL
ξ � 1

cos θrð Þ∑
4
i¼1

Bi

δi
e

�zL
cos θrð Þδi

� �
:

(A:26)

The previous equations can be then used to determine the
temperatures in the UCZ and LCZ, and to find the thermal
distribution in the NCZ via equation (A.22).

APPENDIX B. Temperatures in the
Heat Exchanger

To analyze the temperatures in the heat exchanger, the con-
cept of effectiveness, ε, was used [51]:

ε ¼ CH THi � THoð Þ
Cmin THi � TCið Þ ¼

CC TCo � TCið Þ
Cmin THi � TCið Þ (B:1)

where THi and THo are the inlet and outlet hot stream tem-
peratures, respectively; TCi and TCo are the inlet and outlet
cold stream temperatures, respectively; CH and CC are the
capacity rates of the hot and cold streams, respectively;
and Cmin is the minimum between CH and CC. The outlet
hot stream and cold stream temperatures can be found by
rearranging equation (B.1), as the same as the outlet tem-
perature of the cold side:

THo ¼ THi � ε
Cp _mð Þmin
Cp _mð ÞH

THi � TCið Þ (B:2)

TCo ¼ TCi þ ε
Cmin

CC
THi � TCið Þ: (B:3)

Then, the useful heating rate can be expressed as
quse= ε Cmin (THi� TCi).
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